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Abstract. This paper presents a novel variational framework to deal with frame partition problems in Computer
Vision. This framework exploits boundary and region-based segmentation modules under a curve-based optimization
objective function. The task of supervised texture segmentation is considered to demonstrate the potentials of the
proposed framework. The textured feature space is generated by filtering the given textured images using isotropic
and anisotropic filters, and analyzing their responses as multi-component conditional probability density functions.
The texture segmentation is obtained by unifying region and boundary-based information as an improved Geodesic
Active Contour Model. The defined objective function is minimized using a gradient-descent method where a level
set approach is used to implement the obtained PDE. According to this PDE, the curve propagation towards the
final solution is guided by boundary and region-based segmentation forces, and is constrained by a regularity force.
The level set implementation is performed using a fast front propagation algorithm where topological changes are
naturally handled. The performance of our method is demonstrated on a variety of synthetic and real textured frames.

Keywords: supervised texture segmentation, Gabor filters, mixture analysis, Geodesic Active Contours, propa-
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1. Introduction

Frame partition problems are among the most impor-
tant problems in many image analysis and computer
vision applications. This article provides a general
frame partition variational and level-set based frame-
work that integrates boundary and region-based seg-
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mentation information and apply it to the problem
of texture segmentation. In this application, the task
is to partition the image into a number of regions
such that each region has the same textural properties
(Jain and Farrokhnia, 1991; Manjunath and Chellapa,
1991b; Jain and Bhattacharjee, 1992; Zeng et al., 1998).
Alternatively, this task can be viewed as the problem of
accurately extracting the borders between different tex-
ture regions in an image (Khotanzand and Chen, 1989;
Manjunath and Chellapa, 1991a). If a priori knowl-
edge regarding the textural properties in a given image
is available, the problem is called supervised texture
segmentation; otherwise it is called un-supervised.
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In this paper, we apply our variational and level-set
based framework to the problem of supervised texture
segmentation where the first step is texture analysis
and modeling, usually referred as learning phase. The
texture analysis requires the identification of proper
attributes, features or textural properties that differen-
tiate the textures in the image for segmentation. Al-
ternatively, texture modeling requires the adoption of a
general framework capable of describing a wide variety
of texture prototypes. Approaches to texture analysis
and modeling can be mainly classified into two groups:

– Traditional statistical modeling makes the assump-
tion that statistics of each texture are stationary, and
is based to the analysis of local spatial interactions
(co-occurrence matrices (Elfadel and Picard, 1994),
second order statistics (Chen and Pavlidis, 1983),
Gauss Markov Random Fields (Cross and Jain, 1983;
Mao and Jain, 1992), and local linear transforms
(Unser, 1986)).

– Filtering theory decomposes the retinal into a set
of different sub-bands that are convolved images of
the input image with a bank of filters. A quite com-
mon filter bank selection is Gabor filters (Gabor,
1946; Bovik et al., 1990; Dunn and Higgins, 1995),
or the wavelet transform (Mallat, 1989; Simoncelli
et al., 1992) which is usually applied in a pyramid-
structure form (Chang and Kuo, 1993; Laine and
Fan, 1993; Unser, 1995).

Feature-based image segmentation is performed
using two basic image processing techniques: the
boundary-based segmentation (which is often referred
as edge-based) relies on the generation of a strength
image and the extraction of prominent edges, while the
region-based segmentation relies on the homogeneity
of spatially localized features and properties.

– Early approaches for boundary-based image seg-
mentation have utilized local filtering techniques
such as edge detection operators (Canny, 1986;
Deriche, 1987). These approaches are a compro-
mise between simplicity, with accompanying light
computational cost and stability under noise, but
have difficulty in establishing the connectivity of
edge segments. This problem has been confronted by
employing Snakes/Balloons/Deformable Templates
(Kass et al., 1988; Cohen, 1991; Blake and Isard,
1997) which can provide a closed curve as a com-
promise between regularity of the curve and high

gradient values among the curve points. The main
handicap of these approaches is that they require
a good initialization step. Recently, a new active
contour model has been introduced (Caselles et al.,
1995; Kichenassamy et al., 1995; Malladi et al.,
1995; Sapiro, 1996) that presents some quite nice
properties. The initialization step doesn’t impose any
significant constraint, while new techniques are pro-
posed for the curve propagation (level-set methods
(Osher and Sethian, 1988)), which can deal suc-
cessfully with topological changes (merging and
splitting). Although for many real cases the use
of boundary-based segmentation methods are inap-
propriate, they present some important advantages.
Shape variations are naturally handled and they are
not sensitive to global illumination changes due
to the fact that they rely on relative illumination
changes, rather than the absolute illumination inten-
sities. Additionally, these methods require low com-
putational cost and localize better the region/object
boundaries. There is a limited set of boundary-based
approaches for texture segmentation (Manjunath and
Chellapa, 1991a; Jones, 1994; Yhann and Young,
1995; Ma and Manjunath, 1997; Solloway et al.,
1997; Kapur et al., 1998; Lorigo et al., 1998; Zeng
et al., 1998), since the detection of edges in textured
images is a tougher task, due to the fact that the tex-
tural boundaries are difficult to locate.

– The region-based segmentation techniques are more
suitable for segmenting the textured images and can
be roughly classified into two categories: The region-
growing techniques has been widely used (Chen
and Pavlidis, 1979; Raafat and Wong, 1988; Reed
et al., 1990; Adams and Bischof, 1994; Leonardis
et al., 1995). They are usually based on split-
and-merge procedures using statistical homogeneity
tests, where the statistics are generated and updated
dynamically, while the manner with which initial re-
gions are formed and the criteria for splitting and
merging them are set a priori. The resulting segmen-
tation will inevitably depend on the choice of initial
regions, while irregularities on the boundaries will
appear since the region shapes depend on the partic-
ular growing algorithm. Another powerful region-
based tool, which has been widely investigated for
texture segmentation, is the Markov Random Fields
(Geman and Geman, 1984). In that case the seg-
mentation problem is viewed as a statistical estima-
tion problem where each pixel is statistically depen-
dent only on its neighbors so that the complexity
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Figure 1. Geodesic Active Regions for supervised texture segmentation: A curve is initialized in a textured image (top-left). The proposed
framework propagates this curve towards the final segmentation map that separates the background textured region from the other textured
regions (bottom-right).

of the model is restricted. The segmentation is
obtained by finding the maximum a posteriori
map given the observed data (Cross and Jain,
1983; Derin and Eliot, 1987; Bouman and Liu,
1991; Manjunath and Chellapa, 1991b; Jain and
Farrokhnia, 1991; Elfadel and Picard, 1994; Chen
and Kundu, 1995; Panjwani and Healey, 1995;
Raghu and Yegnanarajana, 1996). The main advan-
tage of this type of approaches is that they are less
affected from the presence of noise, and provide a
global segmentation criterion. However, the result-
ing objective function of the MAP estimate is quite
difficult to be globally maximized, which is consid-
ered as a significant drawback.

Besides, there is a significant effort to integrate
boundary-based with region-based segmentation ap-
proaches (Haddon and Boyce, 1990; Pentland, 1990;
Leonardis et al., 1995; Chakraborty et al., 1996; Zhu
and Yuille, 1996; Siddiqi et al., 1997). The difficulty
lies on the fact that even though the two modules
yield complementary information, they involve con-
flicting and incommensurate objectives. The region-
based methods attempt to capitalize on homogeneity
properties, whereas boundary-based ones use the non-
homogeneity of the same data as a guide.

This article is focusing on two objectives. The first
and main objective is to provide a general frame-
partition variational framework1 (Geodesic Active
Regions) that integrates boundary and region-based

segmentation modules, is free from the initial condi-
tions, can deal automatically with topological changes
and can be used to deal with various frame partition
problems.

The second is to validate this framework using a
well known application in Computer Vision, the task
of supervised texture segmentation. The observation
set of the proposed approach is composed of

1. A given set of texture pattern images,
2. A given input frame composed from these patterns.

Based on this feature space, a simple method is pro-
posed for texture analysis and modeling that combines
efficiently filtering theory with the statistical modeling.
Then, the boundary and the region-based texture seg-
mentation modules are integrated under a generic form
within the Geodesic Active Regions model to deal with
the following problems (Paragios and Deriche, 1999a,
1999b):

1. The segmentation of the input frame, given the back-
ground pattern (Figs. 1, 11 and 14),

2. The extraction of regions of interest from the input
frame, given the corresponding patterns (Figs. 12
and 13).

The essence of our approach is demonstrated in
Fig. 1 where an initial contour is propagated towards
the boundaries of the region of interest provide the final
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Figure 2. Geodesic Active Regions for supervised texture segmentation: The overview of the proposed framework.

segmentation map that separates the background from
the other textured regions.

The proposed algorithm is depicted in Fig. 2. Ini-
tially, an off-line step is performed that creates multi-
component probabilistic texture descriptors for the
given set of texture patterns, where the multidimen-
sional feature data is derived using a set of filter op-
erators (Fig. 2: Learning Phase). This phase is de-
composed into three steps. First, the texture features
are captured using a predefined set of filter operators
(Isotropic, Anisotropic and Gabor). Second, these fea-
tures are modeled for each texture pattern using con-
tinuous probability density functions. The last step
consists of validating these features, and refers to the
estimation of some reliability measurements for the
different filters operators that have been used to obtain
them.

Then, given the input frame, we apply the same op-
erators and derive an observation set that refers to the
same multidimensional feature space that has been to
construct the texture descriptors. Then, for each pixel
we estimate the probability of being on the boundaries
between two different texture regions. Since we deal
with multidimensional feature data, a probability vec-
tor is obtained. The components of this vector (e.g.
boundary probabilities) are qualitative combined to a
single frame to provide the boundary-based texture in-

formation (Fig. 2: Boundary Module). Besides, using
the texture descriptors and the observation set we deter-
mine the region-based information that is derived from
the most probable temporal texture assignment (Fig. 2:
Region Module).

Then, the segmentation step is performed using a
unified model that integrates a boundary and a region-
based module and refers to the optimization of a curve-
based objective function. The problem is stated under
an improved Geodesic Active Contour model that aims
at finding the best minimal length geodesic curve that
consists of image pixels with high boundary proba-
bilities, and creates regions that refer to an “optimal”
grouping according to the image characteristics. We
call this model Geodesic Active Region, since bound-
ary and region information are cooperating in a coupled
active contour model. The defined objective function
is minimized using a gradient-descent method where
a level set approach (Osher and Sethian, 1988) is used
to implement the obtained PDE. To summarize, the
resulting PDE propagates an initial contour (single or
multiple seeds) towards the final segmentation map un-
der the influence of boundary and regional/statistical
forces while being constrained by internal forces
(regularity).

The remainder of this paper is organized as follows.
Section 2 deals with the texture analysis and modeling
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problem while in Section 3, we introduce the main con-
tribution of this paper, the Geodesic Active Regions
model which is applied to the supervised texture seg-
mentation problem in Section 4. Finally, experimental
results and discussion appear in Section 5.

2. Texture Analysis and Modeling

The first step of supervised texture segmentation refers
to a texture analysis and modeling phase where the goal
is to create texture models/descriptors for a given set of
texture patterns. During the last three decades a large
number of approaches has been proposed.

Early approaches to texture modeling have made use
of k-th order statistics, where tuples of k pixels are
used to determine the behavior of the texture patterns.
Although these methods have been widely used, they
suffer from being computationally expensive (in terms
of memory).

A more flexible model relies on the multi-channel
filtering theory, where the retinal image is decomposed
into a set of sub-bands, which are the convolution out-
put with a given set of filters. These models have been
widely considered to describe textures due to their
impressive performance to texture segmentation and
classification.

The last area of approaches rely on statistical mod-
eling, where the observed texture pattern is assumed
to be a probability distribution on a Random Field.
These approaches are very powerful, they involve a
small number of parameters but they are computation-
ally expensive. The problem of creating powerful prob-
abilistic texture models was analyzed extensively with
a very elegant way in Greenspan et al. (1994), Wu et al.
(1999), Zhu (1996) and Zhu et al. (1998).

2.1. Extracting Features

One of the crucial aspects of texture analysis/modeling
is the extraction of proper and representative tex-
tural features and properties that are going to be
used as input to the modeling phase. The impor-
tance of this step is quite evident, due to the fact
that the ability of selecting the most representative
features is strongly related with the performance and
the discrimination power of the texture description
model.

The use of filter and morphological operators has
been applied successfully to a variety of computer vi-
sion applications, like edge-detection, image restora-

tion, image segmentation, texture segmentation, etc. In
such a case, a set of linear and non-linear operators is
applied to the input image, that creates a multidimen-
sional feature vector (filter responses). These operators
are optimally selected if each filter response refers to
different textural properties, while the entire set of re-
sponses is a representative multidimensional feature
space that can be easily differentiated from analogous
spaces of other texture patterns. Although there is a
lot of related work on the optimal filter selection for
texture segmentation (Bovik et al., 1990; Dunn and
Higgins, 1995), we adopt a rather large and general fil-
ter bank that is composed of isotropic and anisotropic
filters:

– The Gaussian operator {g(| σ )}
[

g(x, y | σ) = 1√
2πσ

e− x2+y2

2σ2

]

– The isotropic center-surround operator (Laplacian of
Gaussian) { l(| σ )},

[
l(x, y | σ) = S

(
1 − x2 + y2

2σ 2

)
e− x2+y2

2σ2

]

where S is a constant scale factor. Besides, the (x, y)
anisotropic directional derivatives operators are also
considered.

– The 2D Gabor operators analyze the image simulta-
neously in both space [σ ], and frequency domains
[θ, φ].

[
gG(x, y | σ, θ, φ) = 1

2πσ 2
e− x2+y2

2σ2 e− j2π(θx+φy)

]

These Gabor functions can be decomposed into
two components; the real part [gR(x, y | σ, θ, φ)]
and the imaginary part [gI (x, y | σ, θ, φ)]. The tex-
ture features are captured by the spectrum analyzer
{s(|σ, θ, φ)} of the Gabor components,

s(x, y | σ, θ, φ)

=
√

(gR ∗ I )(x, y)2 + (gI ∗ I )(x, y)2

smoothed by a Gaussian function, where (G R ∗ I )
denotes the convolution operation between the
image I and the filter G R .
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Figure 3. Mixture analysis for the zebra pattern convolution output with s(.. | 1, π/3, 2π ) solid line: Samples, dashed line: Probability density
functions. (a) one component, mean approximation error: 9.76932e-05, maximal: 0.006372, (b) two components, mean approximation error:
3.8765e-05, maximal: 0.003869, (c) three components, mean approximation error: 3.4061e-05, maximal: 0.003180, (d) four components, mean
approximation error: 3.3245e-05, maximal: 0.002932.

2.2. Modeling Features

The modeling phase aims at finding an appropriate
model that can be determined by a limited set of pa-
rameters and preserves strong discrimination power.
The most common model related with filtering theory
is the use of histograms. Although this model can be
implemented quite easily, it encounters some impor-
tant limitations. The selection of the size, as well as
the number of the histogram cells affects significantly
the model. These problems are more visible when the
output data is not distributed uniformly. Additionally, a
large number of parameters is required (histogram size)
to obtain an accurate representation model. In order to
deal with these problems, we adopt a statistical frame-
work where the different filter responses are modeled
using probabilities density functions that are mixture
distributions of Gaussian components.

In order to facilitate the notation, let us now make
some definitions:

– Let T = {ti : i ∈ [1, N ]} be the set of texture patterns.
– Let F = { fi : i ∈ [1, M]} be the preselected set of

filter operators.
– Let P = {Pi : i ∈ [1, N ]} be the the set of texture

pattern images and let D = {D{i, j} : i ∈ [1, N ], j ∈
[1, M]}be the multidimensional feature training data
space, where D{i, j} is the response of the operator f j

to the input pattern Pi .

We assume that each component [filter response]
of the multidimensional feature space can be mod-
eled using low-level statistics. Under this assumption,
the statistical behavior of the data components is ex-
pressed with conditional probability density functions.
Let p{i, j}(·) be the conditional probability density of

the data component D{i, j} (normalized histogram). We
assume that this probability density function is homo-
geneous (i.e. independent of the pixel location) and that
it can be decomposed into many different components,
where each component is Gaussian.

Let Pk
{i, j} be the a priori probability of the compo-

nent k. The observed data values D{i, j} are assumed
to be obtained by selecting a component k with prob-
ability Pk

{i, j}, and then selecting a value x according
to the probability law pk

{i, j}(x | µk
{i, j}, σ

k
{i, j}). Thus, the

probability density function is given by

p{i, j}
(
x

∣∣ �{i, j}
) =

CN∑
k=1

Pk
{i, j} pk

{i, j}
(
x

∣∣ µk
{i, j}, σ

k
{i, j}

)
,

(1)

where CN is the number of mixture components, and
�{i, j} is the vector of the unknown mixture parameters:
�{i, j} = {Pk

{i, j}, µ
k
{i, j}, σ

k
{i, j} : k ∈ [1, . . . , CN ]}. Under

this hypothesis, there are two key problems: the num-
ber of different components CN , and the estimation of
the unknown parameters �i j of these components. In
most of the cases, it has been experimentally found
that two components are enough, but there are some
cases where at least three/four components must be
assumed. This case appears very often for texture pat-
terns that are not homogeneous. The determination of
the component number is based on the mean approx-
imation error between the samples and the estimated
mixture model. We increment the number of compo-
nents until the mean approximation error drops below
a given threshold. To deal with cases where this thresh-
old cannot be satisfied, we also consider the relative
improvement of the approximation when a new com-
ponent is added. Concerning the example of Fig. 3, the
improvement of the approximation between the use of
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Figure 4. (1) Texture patterns, (2) statistical modeling for the operator responses. (2.a) g(. . . | 1), (2.b) l(.. | 1), (2.c) gR(.. | 1, π/3, π/2), (2.d)
s(.. | 1, π/3, π/2), (2.e) (.. | 1, 2π, 2π ). Each graph corresponds to a filter operator and contains the statistical modeling result for all texture
patterns. Each color among the different graphs refers to the same texture pattern.

two and three components is not significant, thus we
approximate this filter response with two components.
The estimation of the unknown parameters �i j can be
done using the maximum likelihood principle (Duda
and Hart, 1973).

The output of this operation is a powerful texture
description model that can be expressed using a limited
set of parameters under a statistical framework. Each
texture pattern is associated with a tuple of conditional
probability density functions

pi = (
p{i,1}, . . . , p{i,M}

)
: i ∈ [1, N ]

that characterizes the behavior of this pattern with re-
spect to the different filter operators (Fig. 4).

2.3. Validating Features

One of the pre-occupations of statistical analysis is to
decrease the number of required parameters that are
involved to a statistical decision problem or to vali-
date them by assigning some reliability measurements.
Using a small number of parameters, we can predict and
analyze easier the behavior of the model. Furthermore,
the validation of these parameters, results to a better
solution since they may be considered according to
their “quality”.

In our case, these parameters refer to the number
of filters. The filters have different orientation and
scale, reflecting in different “quality” with respect to
their ability of capturing the texture features. Moreover,
given a set of texture patterns, some of the filter oper-

ators are more qualified to be used, due to the fact that
they better capture the observed texture properties, re-
sulting on an observation set where the discrimination
between the different textures can be easily performed.
Thus, in this sub-section the validation of the different
filter operators will be considered.

After the completion of this extraction and modeling
phase, a tuple of probability density functions is asso-
ciated with each texture pattern (the components of this
tuple refer to the different filter operators). These tu-
ples are composed of continuous density functions that
measure the probability that a given value comes from
the texture pattern, given the origin of the considered
tupple.

Thus, given a filter operator [ fo], a texture pattern
[tp] and the corresponding texture descriptor [ptp ], we
can estimate the misclassification error for this opera-
tor during the modeling phase. By considering the con-
volved pattern image [D{tp, fo}] (the convolution result
between the pattern and the operator) we can estimate
the number of pixels that are misclassified. A pixel s is
misclassified, if and only if there is another texture pat-
tern [tx ], for which the conditional probability given the
observed value at s[p{tx , fo}(D{tp, fo}(s))] is superior to
the one that refers to the true case [p{tx , fo}(D{tp, fo}(s))].
Hence, for a given filter [ fo] operator and for a given
texture pattern [tp] we can estimate the number of the
properly classified pixels as follows

Pfo(tp) = 1

|D|
∫

D

∫
{tp, fo}

H{tp, fo}
(
D{tp, fo}(x, y)

)︸ ︷︷ ︸
Correctness function

dx dy

(2)
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where |D| is the number of grid pixels, and the function
H{tp, fo} ( ) is given by

H{tp, fo}(a) =
N∏

i=1,i 
=tp

[
p{tp, fo}(a) ≥ p{i, fo}(a)

]
︸ ︷︷ ︸

a comes from image D{tp ,fo}

(3)

This is a binary function, which:

– is equal to one if the given pixel is classified correctly
(the probability with respect to the true nature is
superior to the other probabilities),[

N⋂
i=1,i 
=tp

[
p{tp, fo}(a) ≥ p){i, fo}(a)

]] = 1

– equal to zero if there is an alternative texture hypoth-
esis that is more probable given the observed value
(the pixel is misclassified).

[∃ i ∈ [1, N ] : i 
= tp, p{tp, fo}(a) < p{i, fo}(a)
]

In other words, the function Pfo(tp) measures the
properly classified pixels on the image D{tp, fo}, and
can be used as reliability measurement for the corre-
sponding filter operator. However, during the learning
phase this measurement is available N times (the num-
ber of texture patterns). This is due to the fact that a
given operator is applied to the whole set of texture
patterns. Hence we have to combine these reliability
measurements that refer to the same filter operator into
one value. This can be done very easily by averaging
them (a filter operator is good if it preserves strong dis-
crimination power for all texture patterns), hence the
reliability of a given filter operator fo is given by

wfo = 1

N

N∑
i=1

Pfo(ti ) (4)

Moreover, these reliability measurements might be nor-
malized as [ŵfo = w fo∑M

i=1 w fi

] for all filter operators.

3. Geodesic Active Regions

In order to facilitate the presentation of the most closely
related boundary/region frame partition approaches
and the introduction of the new model, the bi-modal
case will be considered.

3.1. Notation

Let us make some definitions as well as some assump-
tions regarding the a priori knowledge that are going
to be used to present the existing frameworks and to
introduce the Geodesic Active Regions model,

– Let I be the input image composed of two classes
(h A, hB),

– Let P(R) = {RA,RB} be a partition of the image
domain into two non-overlapping regions (Fig. 5(a)),

– Let ∂P(R) be the boundaries between the regions
RA and RB of the P(R) partition.

– Let us make the assumption that some knowledge re-
garding the expected positions of real region bound-
aries is available, the boundary probabilities pC( ),
(the b stands for boundary) which measure the like-
lihood of a given pixel being at the real boundaries
between the two classes (h A, hB) (Fig. 5(b)),

– Finally, let us also make the assumption that some
knowledge regarding the expected region properties
of the classes h A, hB is available, the region proba-
bilities pA( ), pB( ) which measure the likelihood of
a given pixel preserving the expected region prop-
erties of the considered classes (h A, hB) (Fig. 5(c)
and (d)).

3.2. Related Work

Caselles et al. (1995, 1997) and Kichenassamy et al.
(1995) have proposed the geodesic active contour
model for image segmentation as a geometric alterna-
tive for snakes which may be considered as an “exten-
sion” of the classic snake since it overcomes some of
the snake limitations. A similar model that is geometry-
based was proposed in Malladi et al. (1995).

Thus, according to the geodesic active contour, the
desirable frame partition is obtained by minimizing
(after the necessary modifications to meet the notation
frame-work)

E(∂R) =
∫ 1

0
g


pb(I (∂RA(c)))︸ ︷︷ ︸

boundary probability




︸ ︷︷ ︸
boundary attraction

|∂ṘA(c)|︸ ︷︷ ︸
regularity

dc (5)

where ∂R(c) is a parameterization of the RA region
boundaries into a planar form [we have implicitly the
assumption thatRA is the interior curve region], g( ) is a
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monotonically decreasing function (e.g. Gaussian) and
the dot operator {∂Ṙ(c)} denotes the partial derivative
with respect to the curve parameter [∂Ṙ(c) = ∂[∂R]

∂c (c)].
The interpretation of this functional is clear since the
optimal frame partition is obtained by finding the
minimal length geodesic curves that are attracted by
the real region boundaries. Moreover, the same authors
have proposed the implementation of the obtained mo-
tion equation using the level set methods resulting on a
paradigm that can deal automatically with topological
changes. Summarizing, the geodesic active contour is
an elaborated method for boundary-based image par-
tition applications that is favorably compared with the
classical snake model.

However, this model also encounters several limita-
tions: (i) It only makes use of very local information
(like the snake model) and is very sensitive to local min-
ima, (ii) Due to the fact that the geodesic active contour
framework relies on a non-parameterized curve, and
evolves mainly an initial curve towards one direction
(constrained by the curvature effect), it demands a spe-
cific initialization step, where the initial curve should be
completely exterior or interior to the real object bound-
aries.

Many efforts have been made to overcome these
shortcomings by introducing some region-based fea-
tures to snake-based partition methods with objective
to make them free from the initial conditions and more
robust. Towards this direction, bi-directional boundary-
based flows have been also proposed recently (Xu and
Prince, 1997; Paragios et al., 2001).

Chakraborty et al. (1996) proposed a model for
medical image segmentation that integrates edge and
region-based information within a deformable bound-
ary finding framework. Their objective function (after
the necessary modifications to meet the notation frame-
work) is given by

E(∂R, IG, IR) = α EPRIOR(∂R)

+ β

∫ 1

0
IG(∂R( f )) d f︸ ︷︷ ︸
Boundary Term

+ γ

∫
R

∫
A IR(x, y) dx dy︸ ︷︷ ︸
Region Term

(6)

where IG is an image that contains the gradient norm
values, IR is an image that accounts for the region in-
formation, and {∂R( f )} is a parameterization of the

boundaries using Fourier descriptors. As far the in-
terpretation of the energy components, the prior term
EPRIOR( ) introduces some prior knowledge about the
shape form (the final contour should be close to this
shape), the boundary term propagates the curve towards
high gradient values points (edges), and the region term
incorporates some region-based information into the
boundary finding framework. This information is the
output of a region segmentation step.

Within this framework, the boundaries are parame-
terized using Fourier descriptors, which present some
important limitations with respect to the shapes that
they can describe. Additionally, the region informa-
tion is expressed via intensity homogeneity which limits
the model applicability, even if it is not a strong con-
straint. Moreover, due the Lagrangian implementation
of the curve propagation, the topological changes can-
not be handled. Furthermore, this approach requires a
pre-segmentation map [IR]. Finally, some of the prob-
abilistic assumptions that have been done to determine
the model may be not valid if the current boundary is
far away from the true boundary. Thus, the model is
sensitive to the initial conditions. However, this is the
first effort that combines successfully boundary and
region-based information within a snake minimization
framework.

Zhu and Yuille (1996) proposed a statistical varia-
tional approach for image/texture segmentation which
combines the geometrical features of a snake/balloon
model and the statistical techniques of region growing.
Their objective function (after the necessary modifica-
tions to meet the notation framework) is given by

E(∂R) = α

2

∫ 1

0
|∂Ṙ(c)| dc

+ β
∑

X∈{A,B}

{∫
R

∫
X log(pX (I (x, y))) dx dy

}
(7)

where [∂RA = ∂RB = ∂R] (the orientation is not con-
sidered). In this approach, although a snake/balloon
model is employed for the segmentation process,
the boundary-based information is ignored and the
snake/balloon model is used only to impose a regu-
larity constraint. Besides, due to the implementation
of the curve propagation using a Lagrangian approach,
the changes of topology cannot be naturally handled.
However, this approach can deal with the merging topo-
logical change by introducing a region growing step.
Hence, regions (curves) that have common boundaries
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are merged if the entropy of the resulting region is infe-
rior to the sum of the regions entropies before merging.
In any case, this step can be performed only to region
growing approaches and cannot deal with the “split-
ting” topology change.

In parallel with the framework proposed in this pa-
per, related variational approaches have also been in-
troduced (Amadieu et al., 1999; Chan and Vese, 1999;
Samson et al., 1999; Yezzi et al., 1999). In Chan and
Vese (1999) and Samson et al. (1999) two different vari-
ational frameworks are proposed based on Mumford
and Shah (1985) for bi-modal and supervised segmen-
tation while in Yezzi et al. (1999) a three-modal ap-
proach is proposed. The Chan and Vese (1999) frame-
work as well as the Samson et al. (1999) can be viewed
as extensions of the Mumford and Shah (1985) ap-
proach where a level set implementation is considered,
while the Yezzi et al. (1999) approach is inspired by the
mathematical formulation proposed in Zhu and Yuille
(1996). However, these frameworks do not make use of
boundary-based information and are sensitive to the
initial conditions since statistics are generated and up-
date over regions dynamically. Furthermore, they are
constrained (with the exception of Samson et al., 1999
where the supervised image segmentation case is con-
sidered) to bi-modal and three-modal image segmen-
tation cases. A closely related approach to Chan and
Vese (1999) was proposed in parallel in Amadieu et al.
(1999). Finally, more recent approaches related with
the proposed framework can be found in Tsai et al.
(2000) and Chan and Vese (2001).

The Geodesic Active Regions model has been ini-
tially introduced in Paragios and Deriche (1999b) for
supervised texture segmentation and then extended to
deal with the un-supervised image segmentation case
in Paragios and Deriche (2000a), and successfully ex-
ploited in Paragios and Deriche (1999c) to provide an
elegant solution to the motion estimation and the track-
ing problem.

Figure 5. Geodesic Active Regions model: (a) the input, (b) the boundary-based information, (c) the region-based information corresponding
to hypothesis h A , [the information is proportional to the frame intensities] (d) the region-based information corresponding to hypothesis hB [the
information is proportional to the frame intensities].

Within this framework the region boundaries are ac-
curately extracted (opposite to Zhu and Yuille, 1996;
Chan and Vese, 1999; Yezzi et al., 1999 where there is
no boundary attraction) that is an important issue for
many applications (e.g. segmentation of medical im-
ages). Furthermore, the proposed approach can deal
automatically with topological changes (opposite to
Chakraborty et al., 1996; Zhu and Yuille, 1996) where
only the “merging” topology change could be han-
dled separately to the segmentation phase through a
region-growing step), is free from the initial conditions
opposite to ((Caselles et al., 1995; Chakraborty et al.,
1996; Zhu and Yuille, 1996) where the statistics of each
region are generated and updated automatically and
hence the initial regions positions affect significantly
the segmentation result). Finally, the Geodesic Active
Regions Model does not require any pre-segmentation
input (opposite to Chakraborty et al., 1996). On the
other hand, the proposed segmentation framework
refers to a supervised case (opposite to Zhu and Yuille,
1996; Chan and Vese, 1999; Yezzi et al., 1999 where
the un-supervised case is considered).

3.3. Setting the Boundary Module

Thus, according to this framework, the frame partition
task can be viewed initially as the problem of accurately
extracting the boundaries between the regions RA and
RB . This, can be done by the geodesic active contour
model, thus minimizing

E(∂R) =
∫ 1

0
g


pC(I (∂RA(c)))︸ ︷︷ ︸

boundary probability




︸ ︷︷ ︸
boundary attraction

|∂ṘA(c)|︸ ︷︷ ︸
regularity

dc

(8)
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3.4. Setting the Region Module

At the same time, the examined problem is equivalent
to creating a consistent frame partition between the
observed data, the associated hypothesis and their ex-
pected properties. This partition can be viewed as an
optimization problem with respect to the a posteriori
frame partition probability, given the observation set.

Let [pS(P(R) | I )] be the a posteriori frame partition
density function with respect to the different partitions
P(R) given the input image I . This density function is
given by the Bayes rule as:

pS(P(R) | I ) = p(I |P(R))

p(I )
p(P(R)) (9)

where

– p(I |P(R)) is the a posteriori segmentation proba-
bility for the image I , given the partition P(R),

– p(P(R)) is the probability of the partition P(R)

among the space of all possible partitions of the im-
age domain,

– and p(I ) is the probability of having as input the
image I among the space of all possible images.

If we assume that all the partitions are a priori equally
probable [p(P(R)) = 1

Z ] where Z is the number of pos-
sible partitions, then we can ignore the constant terms
p(I ), p(P(R)) and the density function is equivalent
with:

p̂S(P(R) | I ) = p(I | {RA,RB}) (10)

Besides, since normally there is no correlation between
the regions labeling, and the region probabilities de-
pend only on their observation set (within the region),
we obtain the following form

p̂S(P(R) | I ) = p([I |RA] ∩ [I |RB])

= p(I |RA) p(I |RB) (11)

where p(I |RA) is the a posterior probability for the
region RA given the corresponding image intensities
(resp. p(I |RB)).

Finally, if we assume that the pixels within each re-
gion are independent that is a commonly used assump-
tion, then we can replace the region probability by the

joint probability among the region pixels:

p(I |RX ) =
∏

s∈RX

pX (I (s)) (12)

where X ∈ {A, B}.
Taking all these into account, the a posteriori seg-

mentation probability for a partition P(R) given the
observed image I is determined by

p̂S(P(R) | I ) =
∏

s∈RA

pA(I (s))
∏

s∈RB

pB(I (s)) (13)

The maximization of the simplified a posteriori seg-
mentation probability is equivalent to the minimization
of the [−log( )] function of this probability,

E(∂P(R)) =
∫
RA

∫
log


pA(I (x, y))︸ ︷︷ ︸

h A probability


 dx dy

︸ ︷︷ ︸
RA fitting measurement

−
∫
RB

∫
log


pB(I (x, y))︸ ︷︷ ︸

hB probability


 dx dy

︸ ︷︷ ︸
RB fitting measurement

(14)

This term is similar with the one proposed in Zhu and
Yuille (1996).

Let us now try to interpret this region-based term:

– Suppose that a pixel s is well classified and the true
case is h A; then this pixel appears to the RA fitting
measurement. The corresponding probability for the
true case [pA(I (s))] is higher than the one for the op-
posite case [pB(I (s))], resulting on a minimum con-
tribution in the objective function [−log(pA(I (s)))].

– On the other hand if this pixel is not appropriatelly
classified, then it appears for example to the RA fit-
ting measurement while the true case is hB . It is
obvious to see that the penalization of the objective
function due to the mis-labeling of this pixel will be
higher compared by the one introduced if the appro-
priate decision was taken.

Summarizing, this region-based energy term is de-
fined using the partition determined by the curve and
aims at maximizing the a posteriori segmentation prob-
ability given the input image.
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3.5. Geodesic Active Regions Objective Function

Then, the two different frame partition modules are in-
tegrated by defining the Geodesic Active Regions ob-
jective function as

E(∂R) = α

∫ 1

0
g


pC(I (∂RA(c)))︸ ︷︷ ︸

boundary probability




︸ ︷︷ ︸
boundary attraction

|∂ṘA(c)|︸ ︷︷ ︸
regularity

dc

− (1 − α)

∫
RA

∫
log


pA(I (x, y))︸ ︷︷ ︸

h A probability


 dx dy

︸ ︷︷ ︸
RA fitting measurement

− (1 − α)

∫
RB

∫
log


pB(I (x, y))︸ ︷︷ ︸

hB probability


 dx dy

︸ ︷︷ ︸
RB fitting measurement

(15)

where α is a positive constant that balances the contri-
butions of the two terms [0 ≤ α ≤ 1].

The interpretation of the defined objective function
is following.

We seek a set of curves that:

i. [Boundary Term] are regular [Eq. (15): regularity],
of minimal length, and are attracted by the real re-
gions boundaries [Eq. (15): boundary attraction],

ii. [Region Term] define a partition of the image
which maximizes the a posteriori frame partition
probability.

The minimization of the objective function is per-
formed using a gradient descent method. If u =
(xA, yA) is a point of the initial curve ∂RA and we com-
pute the Euler-Lagrange equations using the Stokes
theorem (Caselles et al., 1997; Zhu and Yuille, 1996),
then we should deform the curves (∂RA) using the fol-
lowing equation:



∂u

∂t
= α log

Region-based force︷ ︸︸ ︷


h B probability︷ ︸︸ ︷
pB(I (u))

pA(I (u))︸ ︷︷ ︸
h A probability


N(u)

+ (1 − α)(g(pC (I (u)))K(u) − ∇g(pC (I (u))) ·N(u))︸ ︷︷ ︸
Boundary-based force

N(u)

(16)

The obtained PDE motion equation has two kind of
forces acting on the propagating curves in the direction
of the inward normal:

– Region Force: This force aims at shrinking or ex-
panding the curve in the direction that maximizes
the a posteriori segmentation probability. Let us now
try to interpret this force for a given curve pixel u
by reminding that this pixels is associated to the h A

class,

• if the true state of u is hB , then the condi-
tional density function that accounts for this
class [pB(I (u))] should support the true case
[pB(I (u)) > pA(I (u))], resulting on a positive
force that aims at shrinking the curve to pass
through this pixel:

pB(I (u)) > pA(I (u)) ⇒ pB(I (u))

pA(I (u))
> 1

⇒ log

(
pB(I (u))

pA(I (u))

)
> 0

⇒ α log

(
pB(I (u))

pA(I (u))

)
> 0

• On the other hand, if the true state of u is the
h A, then this force aims at expanding the curve to
include this pixel.

– The boundary force contains information regarding
the boundaries of the different regions and is com-
posed of two sub-terms; one that shrinks the curve
constrained by the curvature effect towards the ob-
ject boundaries and one that attracts the curve to the
objects boundaries (refinement term).

3.6. Model Generalization

The main assumption that has been made to provide
the proposed framework relies on the fact that all par-
titions are equally probable. Generally, this is assump-
tion is not valid, but this does not constrain the proposed
model since the same framework can be recovered by
replacing the a posteriori frame partition probability
with the joint probability that is a commonly used as a
region-based optimization criterion.

The proposed model can be generalized very easily
by assuming for a specific application the existence
of functions that capture the boundary and the region
properties of the different regions. Thus, if we consider
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– A frame partition problem with N + 1 classes [N
classes plus the background class R0],

– A set of boundary attraction functions [bi :R×
R→R, i ∈ [1, N ]] that “capture” the boundary
features of the different classes ( for the real bound-
ary pixels this function returns minima values),

– A set of region homogeneity functions [ri :R×
R→R, i ∈ [1, N ]] that “capture” the region fea-
tures of the different classes ( for the real class pixels
this function returns minima values),

then, the Geodesic Active Regions framework consists
of minimizing:

E(∂R) =
N∑

i=1

α

Ri fitting measurement︷ ︸︸ ︷∫
Ri

∫
ri (I (x, y))dx dy︸ ︷︷ ︸

i Region Term

+
N∑

i=1

(1 − α)

∫ 1

0

i boundary attraction︷ ︸︸ ︷
bi (I (∂Ri (ci )))

i regularity︷ ︸︸ ︷
|∂Ṙi (ci )| dci︸ ︷︷ ︸

Boundary Term

(17)

The minimization of the generalized objective func-
tion is performed using a gradient descent method and
leads to a system of N motion equations (one for each
class/curve) given by,




∀i ∈ [1, N ]

∂ui
∂t = α(ri (ui ) − roi (ui ))Ni (ui )︸ ︷︷ ︸

i region force

+ (1 − α)(bi (ui )Ki (ui ) − ∇bi (ui ) · Ni (ui ))︸ ︷︷ ︸
i boundary force

Ni (ui )

(18)

where the assumption that the pixel ui lies between the
regions Ri and Roi has been made implicitly. Accord-
ing to the above equations, a given curve is propagated
along its normal direction under the influence of two
forces:

– A region-based force that moves the curves towards
the direction that creates the optimal frame partition
(according to “region properties”) map using the the
observation set and the expected properties of the
different classes,

– A boundary-based force that shrinks the curve un-
der the influence of a regularity constraint (curvature

effect) towards the different region boundaries
(according to the “boundary properties”).

Then, the proposed framework is employed as fol-
lows: Initially a set of random curves is used to initialize
the region positions. Then, each region is deformed ac-
cording to the corresponding motion (Eq. (18)) towards
the final frame partition. The interaction between the
regions positions is obtained through the region-based
force since for a given pixel that is attributed to two
different regions, forces with opposite signs appear to
the corresponding motion [PDE] equations.

3.7. Level Set Methods

The obtained motion equations can be implemented
using a difference approximation scheme (Lagrangian
approach). However, in that case the evolving model
cannot deal with topological changes and numerical
approximations can be very unstable. These limitations
can be dealt with by introducing the pioneering work of
Osher and Sethian (Osher and Sethian, 1988; Sethian,
1996; Osher and Fedkiw, 2000), the level set theory
(Fig. 6) where the central idea is to represent the moving
front ∂R(c, t) as the zero-level set

φ(∂R(c, t), t) = 0

of a function φ. This representation of ∂R(c, t) is im-
plicit, parameter-free and intrinsic. Additionally, it is
topology-free since different topologies of the zero
level-set do not imply different topologies of φ. It easy
to show, that if the moving front evolves according to

∂

∂d
∂R(c, t) = F(∂R(c, t))N

for a given function F , then the embedding function φ

deforms according to

∂

∂d
φ(p, t) = F(p)|∇φ(p, t)|

For this level-set representation, it is proved that the
solution is independent of the embedding function φ.
A common selection for the embedding function refers
to the signed Euclidean distance from the evolving
interface.

Thus, the system of motion equations that drives the
curve propagation for the Generalized Geodesic Active
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Figure 6. Level set methodology and curve propagation. The left figure column shows the evolving level set function, while on the right the
curve corresponding to the zero level set values of the surface. The mechanism that allows changes of topology is also illustrated.

Regions framework is transformed into a system of
multiple surfaces evolution given by,




∀i ∈ [1, N ]
∂φi
∂t (u) =α(ri (u) − roi (u)|∇φi (u)|︸ ︷︷ ︸

i region force

+ (1 − α)

(
bi (u)Ki (u)+∇bi (u) · ∇φi (u)

|∇φi (u)|

)
︸ ︷︷ ︸

i boundary force

|∇φi (u)|

(19)

In order to demonstrate the proposed model, the task
of image segmentation is considered for a synthetic
frame that is composed of two classes (Fig. 7).

Figure 7. Geodesic Active Regions: A new paradigm to deal with frame partition problems in computer vision. The proposed framework is used
for image segmentation where the independence form the initial conditions and the ability to deal with topological changes are demonstrated.

– The first [hB] refers to the background and is com-
posed from pixels with intensities that follow a
Gaussian distribution with a mean value equal to
150 and a standard deviation equal to 10 [pB( ) ∼
G(150, 10)],

– The second [h A] refers to a region composed of four
components, and pixels with intensities that follow
Gaussian distribution with a mean value equal to
90 and a standard deviation equal to 10 [pA( ) ∼
G(90, 10)],

For this case, the boundary information is deter-
mined using a Gaussian edge detector, applied on the
norm of the gradient values space. The curve evolution
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for the class h A with respect to three different initial-
ization steps is illustrated in Fig. 7.

4. Geodesic Active Regions for Supervised
Texture Segmentation

The texture segmentation problem can be viewed as a
frame partition problem [defined by a curve] into non-
overlapping regions that preserve homogeneous textu-
ral properties and characteristics. Some complemen-
tary definitions are required:

– Let I be the input textured frame and let
D(I ) = {I j : j ∈ [1, M]} be the set of filter responses
to this frame [the convolution output between the in-
put image and the various filter operators].

– Let P(R) = {Ri : i ∈ [1, N ]} be a partition of frame
domain into N non-overlapping regions,

– Let ∂P(R) = {∂Ri : i ∈ [1, N ]} be the region bound-
aries of the partition P(R).

– Let ti be the texture pattern that is assigned to the
region Ri , and let p{tx ,B} (s) be the boundary prob-
ability for a given pixel s being at the boundaries of
the region Rx ,

Then, the objective of the proposed framework is ei-
ther to separate the background region from the other
texture regions (extraction of the background region),
or to extract the region of a specific texture pattern. In
both cases, the unknown variable of the model refers
to a curve ∂R that is propagated towards the bound-
aries between the selected region and the other textured
regions.

Figure 8. (a) Neighborhood partition that indicates a boundary point, (b) Neighborhood partition that indicates a non-boundary point, (c)
Neighborhood partitions that are considered.

4.1. Setting the Boundary Module

In order to properly use the Geodesic Active Region
model, information regarding the real boundaries of
each region has to be extracted. It is well known that the
extraction of boundary information for textured images
is a very tougher task.

Let s be a pixel of the image, N (s) a partition
of its local neighborhood, and the NR(s) and NL(s)
be the local subregions associated with this partition.
Moreover, let pBtk (I (N (s))) be the boundary proba-
bility density function with respect to the k hypothesis,
[p(I (N (s)) | Btk )] be the conditional boundary prob-
ability and [p(I (N (s)) | B̄tk )] be the conditional non-
boundary probability. Then, using the Bayes rule and
making some assumptions regarding the global a priori
boundary probability (Paragios and Deriche, 1999a) it
can be easily shown that the probability for a pixel s
being at the boundaries of tk texture region, given a
neighborhood partition N (s) is given by,

pBtk
(s) = p

(
I (N (s))

∣∣ Btk

)
p
(
I (N (s))

∣∣ Btk

) + p
(
I (N (s))

∣∣ B̄tk

)
(20)

Then, the conditional boundary/non-boundary prob-
abilities can be estimated directly from known quanti-
ties (see Paragios and Deriche (1999d) and Zeng et al.
(1998) for details) as follows:

k Boundary Condition (Fig. 8(a)):
If s is a tk boundary pixel, then there is a partition
[NL(s), NR(s)] where the most probable texture as-
signment for the “left” local region is tk and for the
“right” t j [ j 
= k], or vice-versa,
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k Non-Boundary Condition (Fig. 8(b)):
On the other hand, if s is not a tk boundary pixel,
then for every possible neighborhood partition the
most probable texture assignment for the “left” as
well as for the “right” local region is tk , or ti and t j

where {i, j} 
= k.

As a consequence, the conditional k boundary/non-
boundary probability density functions are given by,

p(I (N (s)) | Bk) = pk(I (NR(s)))p j (I (NL(s)))︸ ︷︷ ︸
NR(s)∈Rk∩NL (s)∈R j

+ p j (I (NR(s)))pk(I (NL(s)))︸ ︷︷ ︸
NR(s)∈R j ∩NL (s)∈Rk

p(I (N (s)) | B̄k) = pk(I (NR(s)))pk(I (NL(s)))︸ ︷︷ ︸
NL (s)∈Ri ∩NR(s)∈R j

+ pi (I (NR(s)))p j (I (NLs)))︸ ︷︷ ︸
NL (s)∈Rk∩NR(s)∈Rk

(21)

where {i, j} can be identical and

– pk(I (NR(s))) is the probability of “right” local re-
gion [NR(s)] being part of the k region hypothesis,
given the observed intensity values within this region
[I (NR(s))],

– p j (I (NL(s))) is the probability of “left” local re-
gion [NL(s)] being part of the j region hypothesis,
given the observed intensity values within this region
[I (NL(s))].

Given the definition of the probability for a pixel s
being a k boundary point, the next problem is to define
the neighborhood partition. We consider four differ-
ent partitions of the neighborhood and the local neigh-
borhood regions are considered to be 3 × 3 directional
windows (Fig. 8(c)).

Since the objective of our approach is either to distin-
guish the background texture region tR0 from the other
regions or the region that corresponds to the texture of
interest (to simplify the notation we assume that this
region is also the R0), we have to estimate only the
boundary probability for the tR0 hypothesis. This can
be done very easily since if a give pixel is a tR0 boundary
point then there is partition for which:

– According to the observation set, for one of the local
regions the most probable texture assignment is tR0 ,

– The most probable texture assignment for the other
local region is difierent than tR0 .

Hence in practice for each pixel of the image and for
each partition we check whether or not the most proba-
ble hypothesis is the background one. If there is a local
region with most temporal texture assignment tR0 , then
the boundary probability [pC ] is estimated according to
the (Eq. (20)). Otherwise the boundary probability with
respect to the tR0 hypothesis for the given pixel is set
to zero. Furthermore, if there are more than one local
partitions that determines non-zero boundary proba-
bilities, then the highest boundary probability value is
considered.

This operation provides M boundary probabilities
for a given pixel being at the boundaries of R0, which
have to be combined into a single value. This is done
using the reliability measurements that have been as-
sociated to the filter operators during the learning
phase,

pC(s) =
M∑

j=1

ŵ f j p{C, j}(s) (22)

where p{C, j}(s) is the boundary probability of pixel s
being at the boundaries of R0 according to the I j data
(convolution between f j operator and I image).

Then, the boundary-based supervised texture seg-
mentation module can defined as follows

E(P(R)) =
∫ 1

0

Boundary Attraction︷ ︸︸ ︷
g


 pC(∂R(c))︸ ︷︷ ︸

boundary probability


 |∂Ṙ(c)|︸ ︷︷ ︸

Regularity

dc

(23)

where g( ) is a Gaussian function.
The efficiency of the boundary-based supervised tex-

ture segmentation module has been demonstrated in
Paragios and Deriche (1999a) (the concept). The main
drawback of this limited approach is that it is sensitive
to the initial conditions. In other words, it demands an
initial curve that includes totally the corresponding re-
gion of interest or it is included by it. Thus, cases where
a region is surrounded completely by other regions
cannot be dealt with by the boundary-based module.
However, the obtained results were very satisfactory
(Fig. 9).



Geodesic Active Regions and Level Set Methods 239

Figure 9. Geodesic Active Contours for supervised texture segmentation (Paragios and Deriche, 1999a). Demonstration for a synthetic image
where the objective is to detect a specific region of interest.

4.2. Setting the Region Module

Let p(P(R) | D(R)) be the a posteriori segmentation
probability with respect to the partition P(R). Since
the a posteriori region probabilities p(D(I )(Ri ) | tRi )

are independent, the global a posteriori segmentation
probability is given by,

p(P(R) | D(I )) = p

(
N⋂

i=0

[
D(Ri )

∣∣ tRi

])

=
N∏

i=0

p
(
D(Ri )

∣∣ tRi

)
(24)

where D(Ri ) is the multidimensional feature data as-
sociated with the region Ri . Since the observation
set refers to multidimensional feature data, the re-
gion/statistical term refers to multi-variate conditional
probabilities. In order to simplify the model, we can
assume independence between the difierent filter re-
sponses (since can be combined using reliability mea-
surements) and then the a posteriori segmentation prob-
ability is given by

p(P(R) | D(I )) =
N∏

i=0

M∏
j=1

p
(
I j (Ri )

∣∣ tRi

)
(25)

where p(I j (Ri ) | tRi ) is the a posterior segmentation
probability for the region Ri with the respect to the
data component I j .

To overcome the limitations and the errors that pro-
vokes the assumption that the difierent filter responses

are independent (see in DeBonet and Viola, 1998)
how these dependencies can be modeled), we combine
them using their reliability measurements w j . Then,
the Geodesic Active Regions functional for supervised
texture segmentation consists of minimizing

E(∂P(R)) = (1 − α)

∫ 1

0

Boundary Attraction︷ ︸︸ ︷
g


 pC (∂R(c))︸ ︷︷ ︸

boundary probability


 |∂Ṙ(c)|︸ ︷︷ ︸

Regularity

dc

− α

N∑
i=0

∫
R

∫
i

N∑
j=1

w j log




i region probability︷ ︸︸ ︷
p({tRi , j})(I j (x, y))


 dx dy

︸ ︷︷ ︸
i region attraction

(26)

The interpretation of the above function is clear and
aims at finding a regular curve that is attracted by the
real boundaries between the background region (or the
region of interest) and the other region textures regions,
while at the same time it aims at creating an image
partition that maximizes the a posteriori segmentation
probability.

4.3. Minimizing the Objective Function

Let u = (x, y) be a point of the initial curve. This point
can either be at regionR0 or at regionRk . Based on this
hypothesis, we compute the Euler-Lagrange equations
(Caselles et al., 1997; Zhu and Yuille, 1996) (Section 3),
and we derive the following motion equation
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for u:

∂u

∂t
=

[
α

N∑
j=1

w j log

(
p{tR0 , j}(I j (u))

p{tRk , j}(I j (u))

)

(1 − α)(g(pC(u))K(u)

− ∇g(pC(u)) · N (u))

]
N (u) (27)

The interpretation of the above PDE is obvious.
Given a initial curve, it creates a partition of the image
[determined by a curve that attracts the region bound-
aries] where the exterior curve region corresponds to
the background pattern (or the pattern of interest) while
the interior regions correspond to the other patterns.

The obtained PDE is implemented using the level
set methods where the following equation is used to
update the level set function

∂φ

∂t
(u) = α

N∑
j=1

w j log

(
p{tR0 , j}(I j (u))

p{tRk , j}(I j (u))

)
|∇φ(u)|

+ (1 − α)

(
g(pC(u))K(u)

− ∇g(pC(u)) · ∇φ(u)

|∇φ(u)|
)

|∇φ(u)| (28)

In order to decrease the required computational
cost of the level set implementations, we use the
Narrow Method (Adalsteinsson and Sethian, 1995).
The essence of this method is to perform the level
set propagation only within a limited zone that is lo-
cated around the latest position of the propagating con-
tours (in the inward and outward direction). Thus, the
working area is reduced significantly resulting on a
significant decrease of the computational complexity
per iteration. However, this method requires a frequent
re-initialization of the level set functions that is per-
formed using the Fast Marching algorithm (Sethian,
1996) is used. A similar algorithm within the area of
automatic control was proposed in Tsitsiklis (1995).
The re-initialization requirement can be avoided by
modifying the level set embedding function as pro-
posed in Gomes and Faugeras (2000). Although for
hyper-surfaces this method will significantly decrease
the computational cost, the complexity induced by this
selection for 3D level set surfaces is slightly higher than
the classical one.

An alternative way to further decrease the com-
putational cost is by considering Hermes algorithm

(Paragios and Deriche, 2000b) that proposes a fast way
to deform the initial curve towards the minimum of
the objective function. In our case the equation which
deforms the initial curve can be rewritten in a more
general form as:

Φt+1
(x,y) = Φt

(x,y) + V(x, y, �) dt (29)

where V(x, y, �) is the propagation speed function,
depending on geometric features and image features.
Since the speed V(x, y,Φ) is basically estimated ac-
cording to image characteristics, there are some points
for which the front evolves faster compared to the oth-
ers. The key idea on which the Hermes approach is
based is to evolve the front locally according to the
propagation values of its points. The algorithm at each
step selects the point with the highest absolute prop-
agation speed from a set of actual curve points, and
deforms the level-set image locally.

4.4. Implementation Issues

The proposed method can be used to segment a given
texture frame, in the case where the background texture
pattern is known (Figs. 10 and 13). This method can be
easily extend to extract some specific regions of interest
determined by the corresponding preferable patterns
(Figs. 11 and 12). In both cases, the curve propagation
requires a texture assignment for the given point that
has to be compared with the preferable assignment.
This issue is confronted by assuming that the tempo-
ral segmentation map is derived by the most probable
texture assignments. Thus for a given curve point, we
assume that it is located between the background or
preferable region and the region that corresponds to
the most probable assignment (which is derived from
the observed data). Moreover, to increase the robust-
ness to the noise presence the region probabilities are
estimated over blocks.

The proposed framework can be easily extended to
provide image segmentation (Paragios and Deriche,
2000a). In that case, the propagation of multiple curves
has to be considered where each curve remains regular,
moves towards the the boundaries of a specific region
and creates a region that maximizes the joint segmen-
tation probability with respect to the associated hy-
pothesis. Moreover, an interaction between these prop-
agations can be defined that imposes the concept of
mutually exclusive propagating curves.
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Figure 10. Geodesic Active Regions of supervised texture segmentation. The task of segmentation is considered (separation between the
background texture region and the others) for a synthetic image.

5. Conclusions and Results

In this paper, we presented some new ideas concern-
ing the integration of boundary-based and region-based
approaches to deal with frame partition problems. The
proposed framework was validated using the task of
supervised texture segmentation.

5.1. Experimental Results

Real-word texture frame, as well synthetic texture
frames have been used to test and validate the proposed
approach.

Concerning the synthetic case, some texture patterns
have been selected from a database of texture images.
As a first step, the system is taught on these patterns by
applying the bank of preselected filters and analyzing

their responses. The output of this operation is the cre-
ation of a global statistical description model for each
pattern. Then, a synthetic frame is created where re-
gions of the selected texture patterns appear randomly.
This is considered as the input frame, on which the
same bank of preselected filters is applied. Then, using
the different filter responses, as well as the texture de-
scription models, the Geodesic Active Regions model
is activated, and deforms the initial curve to the optimal
solution of the texture segmentation problem.

The first experimental result shown (Fig. 10) in-
volves a texture synthesis frame with five different
texture regions, where two different contour initializa-
tions are shown. The large number of different tex-
ture regions requires the selection of a representative
filter bank. In this example, the well-known level-set
property of changing the topology is demonstrated,
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Figure 11. Geodesic Active Regions of supervised texture segmentation. The task of the extraction of a specific region of interest is considered
for a real image (zebra).

where the initial curve breaks into multiple curves cor-
responding to the different texture regions.

The real case is differently treated and the inverse
operation is followed (Figs. 11–13). Small patterns are
selected to represent the different texture patterns ap-
pearing to this frame, and the system is taught with
these patterns. Then the same process is followed as
in the case of synthetic texture frames. Concerning the
first “real-world” example that consists of two demon-
strations (zebra, chita) (Figs. 11 and 12), we select
from a 256 × 256 textured frame three different win-
dow patterns 64 × 64 (resp. 96 × 96) that are the dif-

ferent texture patterns, and based on these patterns, we
activate the Geodesic Active Region Models, which
segments quite well the different texture regions. The
independence of the model from the contour initializa-
tion is clearly demonstrated using two different contour
initializations. The second “real-world” example is re-
lated to medical imagery (Fig. 13); it is a microscopic
medical image of the breast, which exhibits an inflam-
matory carcinoma with metastasis. Three different tex-
ture patterns have been selected, and nine different
filters have been applied, which give as output the tex-
ture description models. The power of the Geodesic
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Figure 12. Geodesic Active Regions of supervised texture segmentation. The task of the extraction of a specific region of interest is considered
for a real image (chita).

Active Regions model is demonstrated using two dif-
ferent contour initializations.

Finally, the computational cost of our approach is
related with the initialization step and for a 256 × 256
frame varies between 2 and 10 seconds (the learning
phase is not included) using an ULTRA 10, 299 MHz.

5.2. Discussion and Summary

Summarizing, in this paper we have proposed a new
framework to deal with frame partition problems in

Computer Vision by the propagation of curves that
integrates boundary and region-based frame partition
modules under a very general form.

This framework was used as basis to provide a con-
tour propagation method for supervised texture seg-
mentation, that combines the existing approaches in
the domain of texture analysis as well as in the domain
of texture segmentation.

The main contributions of our approach are:

– A general variational framework is proposed namely
the Geodesic Active Regions, inspired by the
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Figure 13. Geodesic Active Regions of supervised texture segmentation. The task of segmentation is considered (separation between the
background texture region and the others) for a real image (Carcinoma).

Geodesic Active Contours model which integrates
boundary and region-based information modules un-
der a curve-based variational functional,

– The minimization of this functional connects the
optimization problem with the propagation of reg-
ular curves, which is implemented using the level
set theory, a very elegant tool that provides nu-
merous advantages and is free from the initial
conditions,

– A “limited” supervised texture segmentation ap-
proach that

• Creates very compact, simple and powerful tex-
ture descriptors by combining filtering theory and
statistical modeling,

• Integrates boundary and region-based texture seg-
mentation modules resulting to a robust and flexi-
ble model that is independent from the initial con-
ditions,

• Makes use of the latest developments on the curve
evolution theory, and the level set framework
which enables numerous advantages (i.e. changes
of topology, etc.),
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The proposed framework is not limited to texture
segmentation, but it can be used to deal with a wide
variety of computer vision applications that can be re-
formulated as frame partition problems.

The future direction of this work is to validate the
proposed model using other computer vision problems
(Paragios, 2000). Also the incorporation of shape pri-
ors to the model is a challenging perspective (Leventon
et al., 2000; Chen et al., 2001; Rousson, 2001). More-
over, the acceleration of the proposed method using
advanced numerical approximation techniques has to
be considered (Weickert et al., 1998; Goldenberg et al.,
1999).

Various experimental results (in MPEG format), in-
cluding the ones shown in this article, can be found at:
http://www.inria.fr/robotvis/personnel/nparagio/demos/

Note

1. These methods combined with level set representations (Osher
and Sethian, 1988; Sethian, 1996; Osher and Fedkiw, 2000)
have been increasingly considered by the Computer Vision
community to deal with a variety of problems and appli-
cations like segmentation, registration, restoration, 3D recon-
struction, shape from shading, motion estimation, tracking,
image impainting, etc. (Caselles et al., 1995; Kimmel
and Bruckstein, 1995; Tek and Kimia, 1995; Deriche and
Faugeras, 1996; Zhao et al., 1996; Bertalmio et al., 1998;
Faugeras and Keriven, 1998; Kornprobst et al., 1998;
Malladi and Sethian, 1998; Lorigo et al., 2000; Jehan-Besson
et al., 2001; Sapiro, 2001; Sifakis et al., 2001; VLSM,
2001).
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